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1. Introduction
Let X be a real Banach space and T :X→ X be a mapping. Let x0 ∈ X and
xn+1 = f (T , xn) define an iteration procedure which produces a sequence {xn}
in X. Suppose, furthermore, that the set of fixed points of the mapping T is non-
empty, that is, F(T ) = {x ∈ X: x = T x} = ∅, and the sequence {xn} converges
strongly to x∗ ∈ F(T ). Let {yn} be any sequence in X and {n} be a sequence
in [0,+∞) defined by n = ‖yn+1 − f (T , yn)‖. If limn→∞ n = 0 implies that
limn→∞ yn = x∗, then the iteration procedure {xn} defined by xn+1 = f (T , xn) is
called T -stable or stable with respect to T .
Some convergence and stability results for certain classes of nonlinear single-
valued and set-valued mappings have been studied by many authors (see, for
example, [1,3,8–10,13–17] and references therein). As Harder [6], Harder and
Hicks [7,8] pointed out in the study on the stability is both of theoretical and of
numerical interest.
In this paper, we introduce the new iterative sequences with errors approxi-
mating the common fixed point for a couple of quasi-contractive mappings and
show the stability of the iterative procedures with errors in q-uniformly smooth
Banach spaces. Our results extend, improve and unify the corresponding results
of Chidume [3], Chidume and Osilike [4], Liu [14,15], Osilike [16,17] and others.
2. Preliminaries
Now, we recall the following iterative processes due to Ishikawa [12], Liu [13]
and Xu [19], respectively.
(I) Let K be a nonempty convex subset of a Banach space X and T :K → K
be a mapping. The sequence {xn} in K defined by{
x0 ∈K,
zn = (1− βn)xn + βnT xn, n 0,
xn+1 = (1− αn)xn + αnT zn, n 0,
is called the Ishikawa iterative process [12], where {αn} and {βn} are se-
quences in [0,1] satisfying some conditions.
(II) For a nonempty convex subset K of a Banach space X and a mapping
T :K→X, the sequence {xn} in K defined by{
x0 ∈K,
zn = (1− βn)xn + βnT xn + vn, n 0,
xn+1 = (1− αn)xn + αnT zn + un, n 0,
is called the Ishikawa iterative process with errors [13], where {un}, {vn}
are summable sequences in K (i.e., ∑∞n=0 ‖un‖<∞ and ∑∞n=0 ‖vn‖<∞)
and {αn}, {βn} are sequences in [0,1] satisfying some conditions.
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(III) For a nonempty convex subset K of a Banach space X and a mapping
T :K→K , the sequence {xn} in K defined by{
x0 ∈K,
zn = (1− βn − δn)xn + βnT xn + δnvn, n 0,
xn+1 = (1− αn − γn)xn + αnT zn + γnun, n 0,
is called the Ishikawa iterative process with errors [19], where {un}, {vn}
are arbitrary bounded sequences in K and {αn}, {βn}, {γn} and {δn} are
sequences in [0,1] satisfying some conditions.
Definition 2.1. Let X be a real Banach space. The module of smoothness of X is
defined by
ρX(t)= sup
{
1
2
(‖x + y‖+ ‖x − y‖)− 1: ‖x‖ 1, ‖y‖ t}.
The space X is said to be uniformly smooth if limt→0+(ρX(t)/t)= 0. Moreover,
X is called q-uniformly smooth if there exists a constant c > 0 such that ρX(t)
ctq .
Remark 2.1. All Hilbert spaces, Lp (or lp) spaces (p  2) and the Sobolev
spaces, Wpm (p  2) are 2-uniformly smooth, while, for 1 < p  2, Lp (or lp)
and Wpm spaces are p-uniformly smooth.
Definition 2.2. Let X be a real Banach space. T :X→ X is called to be quasi-
contractive if there exists a constant r ∈ (0,1) such that
‖T x − Ty‖ rQ(x, y), x, y ∈X, (2.1)
where
Q(x,y)=max{‖x − y‖,‖x − T x‖,‖y − Ty‖,‖x − Ty‖,‖y − T x‖}.
Definition 2.3. Let X be a real Banach space. T1, T2 :X→ X are called to be a
couple of quasi-contractive mappings if there exists a constant r ∈ (0,1) such that
‖T2x − T1y‖ rM(x, y), x, y ∈X,
where
M(x,y)=max{‖x − y‖,‖x − T2x‖,‖y − T1y‖,‖x − T1y‖,‖y − T2x‖}.
Lemma 2.1 [4]. Let X be a q-uniformly smooth Banach space with q > 1. Then
there exists a constant c > 0 such that∥∥tx + (1− t)y − z∥∥q  [1− t (q − 1)]‖y − z‖q + tc‖x − z‖q
− t (1− tq−1c)‖x − y‖q (2.2)
for all x, y, z ∈X and t ∈ [0,1].
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Lemma 2.2 [11]. Let q > 1 be a given real number. Then, for any a  0 and
b 0, there exists a nonnegative real number d between a and a + b such that
(a + b)q = aq + qdq−1b.
Lemma 2.3 [13]. Suppose that {en}, {fn}, {gn} and {γn} are nonnegative real
sequences such that
en+1  (1− fn)en + fngn + γn, n 0,
with {fn} ⊆ [0,1], ∑∞n=0 fn = ∞, limn→∞ gn = 0 and ∑∞n=0 γn < ∞. Then
limn→∞ en = 0.
For the remainder of this paper, r and c denote the constants appearing in (2.1)
and (2.2).
3. The main results
Now we give our main results in this paper.
Theorem 3.1. Let X be a q-uniformly smooth Banach space with q > 1 and
T1, T2 :X → X be a couple of quasi-contractive mappings. Suppose that {un},
{vn}, {u′n}, {v′n} are sequences in X and {αn}, {βn} are sequences in [0,1] satis-
fying:
(i) ∑∞n=0 ‖un‖<∞, ∑∞n=0 ‖u′n‖<∞, limn→∞ ‖vn‖ = 0, limn→∞ ‖v′n‖ = 0,
(ii) 0< h αn, n 0,
(iii) αn(q − 1 − crq) < 1, crq < q − 1, βq−1n  (1/c)(1 − crq), cαq−1n +
crqβn(cr
q − q + 1) 1− crq .
For any given x0 ∈X, a sequence {xn} with errors is defined by{
zn = (1− βn)xn + βnT2xn + vn, n 0,
xn+1 = (1− αn)xn + αnT1zn + un, n 0. (3.1)
Let {yn} be a sequence in X and define a sequence {n} in [0,+∞) by{
sn = (1− βn)yn + βnT2yn + v′n, n 0,
n = ‖yn+1 − (1− αn)yn − αnT1sn − u′n‖, n 0. (3.2)
Then we have the following:
(1) The sequence {xn} converges strongly to the unique common fixed point x∗ of
T1 and T2 in X and there exist constants A> 0 and B > 0 such that
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‖xn+1 − x∗‖q 
[
1− h(q − 1− crq)]‖xn − x∗‖q
+B‖vn‖ +A‖un‖, n 0.
(2) There exist constants M1 > 0 and D > 0 such that
‖yn+1 − x∗‖
{[
1− h(q − 1− crq)]‖yn − x∗‖q
+M1‖v′n‖+D‖u′n‖
}1/q + n, n 0.
(3) limn→∞ yn = x∗ if and only if limn→∞ n = 0.
Proof. (1) It follows from Chang [2] that T1 and T2 have a unique common fixed
point x∗ ∈X, that is, T1x∗ = T2x∗ = x∗. Since T1 and T2 are a couple of quasi-
contractive mappings, for any x ∈X we have
‖T2x − x∗‖ = ‖T2x − T1x∗‖ r max
{‖x − x∗‖,‖x − T2x‖},
which implies that
‖T2x − x∗‖ rq
(‖x − x∗‖q +‖x − T2x‖q) (3.3)
for all x ∈X. Note that
‖T2xn − T1zn‖ rM(xn, zn), n 0.
We consider the following cases.
Case 1: Suppose that M(xn, zn)= ‖xn − zn‖ for some n 0. It follows from
(3.1) that
‖T2xn − T1zn‖ r‖xn − zn‖ = r
∥∥βn(xn − T2xn)− vn∥∥
 rβn‖xn − T2xn‖ + r‖vn‖. (3.4)
Case 2: Suppose that M(xn, zn)= ‖xn− T2xn‖ for some n 0. Then we have
‖T2xn − T1zn‖ r‖xn − T2xn‖. (3.5)
Case 3: Suppose that M(xn, zn) = ‖zn − T1zn‖ for some n  0. Using (3.1),
we have
‖T2xn − T1zn‖ r‖zn − T1zn‖
= r∥∥(1− βn)(xn − T1zn)+ βn(T2xn − T1zn)+ vn∥∥
= r(1− βn)‖xn − T1zn‖ + rβn‖T2xn − T1zn‖ + r‖vn‖,
which implies that
‖T2xn − T1zn‖ r(1− βn)1− rβn ‖xn − T1zn‖ +
r
1− rβn ‖vn‖
 r‖xn − T1zn‖ +M‖vn‖, (3.6)
where M = r/(1− r).
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Case 4: Suppose that M(xn, zn)= ‖xn− T1zn‖ for some n 0. Then we have
‖T2xn − T1zn‖ r‖xn − T1zn‖. (3.7)
Case 5: Suppose that M(xn, zn)= ‖zn−T2xn‖ for some n 0. It follows from
(3.1) that
‖T2xn − T1zn‖ r‖zn − T2xn‖ = r
∥∥(1− βn)(xn − T2xn)+ vn∥∥
 r(1− βn)‖xn − T2xn‖ + r‖vn‖. (3.8)
It follows from (3.4)–(3.8) that
‖T2xn − T1zn‖q  rq‖xn − T2xn‖q + rq‖xn − T1zn‖q +L‖vn‖,
n 0, (3.9)
for a constant L > 0. It follows from the condition (i), Lemmas 2.1 and 2.2 that
there exists a constant A> 0 such that
‖zn − x∗‖q =
∥∥(1− βn)xn + βnT2xn + vn − x∗∥∥q
= ∥∥(1− βn)(xn − x∗)+ βn(T2xn − x∗)+ vn∥∥q

[∥∥(1− βn)(xn − x∗)+ βn(T2xn − x∗)∥∥+ ‖vn‖]q

[
1− βn(q − 1)
]‖xn − x∗‖q + βnc‖T2xn − x∗‖q
− βn
(
1− βq−1n c
)‖xn − T2xn‖q +A‖vn‖, n 0. (3.10)
Similarly, we have
‖zn − T1zn‖q 
[
1− βn(q − 1)
]‖xn − T1zn‖q + βnc‖T2xn − T1zn‖q
− βn
(
1− βq−1n c
)‖xn − T2xn‖q +A‖vn‖ (3.11)
and
‖xn+1 − x∗‖q 
[
1− αn(q − 1)
]‖xn − x∗‖q + αnc‖T1zn − x∗‖q
− αn
(
1− αq−1n c
)‖xn − T1zn‖q +A‖un‖,
n 0. (3.12)
By virtue of the condition (iii), (3.3) and (3.9)–(3.12), we have
‖xn+1 − x∗‖q 
[
1− αn(q − 1)
]‖xn − x∗‖q
+ αncrq
[‖zn − x∗‖q + ‖zn − T1zn‖q]
− αn
(
1− αq−1n c
)‖xn − T1zn‖q +A‖un‖

[
1− αn(q − 1)+ crqαn
(
1− βn(q − 1)
)]‖xn − x∗‖q
+ c2rqαnβn‖T2xn − x∗‖q + c2rqαnβn‖T2xn − T1zn‖q
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+ [crqαn(1− βn(q − 1))− αn(1− αq−1n c)]
×‖xn − T1zn‖q
− 2crqαnβn
(
1− βq−1n c
)‖xn − T2xn‖q
+ 2Acrqαn‖vn‖+A‖un‖

[
1− αn(q − 1)+ crqαn
(
1− βn(q − 1)
)+ c2r2qαnβn]
×‖xn − x∗‖q
+ 2crqαnβn
(
crq + (βq−1n − 1))‖xn − T2xn‖q
+ αn
[
c2r2qβn + crq
(
1− βn(q − 1)
)− (1− αq−1n c)]
×‖xn − T1zn‖q
+Lc2rqαnβn‖vn‖+ 2Acrqαn‖vn‖ +A‖un‖

[
1− αn(q − 1− crq)(1+ crqβn)
]‖xn − x∗‖q
+Bαn‖vn‖ +A‖un‖

[
1− αn(q − 1− crq)
]‖xn − x∗‖q +Bαn‖vn‖+A‖un‖,
n 0, (3.13)
where B > 0 is a constant. Set
en = ‖xn − x∗‖q , fn = αn(q − 1− crq), n 0,
gn = B‖vn‖(q − 1− crq)−1, γn =A‖un‖, n 0.
It follows from the conditions (i)–(iii) and Lemma 2.3 that limn→∞ en = 0, that
is, limn→∞ ‖xn − x∗‖ = 0.
As in the proof of (3.3) and (3.9), we have
‖T1sn − x∗‖q  rq
(‖sn − x∗‖q + ‖sn − T1sn‖q), n 0, (3.14)
‖T2yn − x∗‖q  rq
(‖yn − x∗‖q + ‖yn − T2yn‖q), n 0, (3.15)
‖T2yn − T1sn‖q  rq
(‖yn − T2yn‖q + ‖yn − T1sn‖q)+L‖v′n‖,
n 0. (3.16)
It follows from Lemmas 2.1, 2.2 and (3.15) that there exists a constant D > 0
such that
‖sn − x∗‖q =
∥∥(1− βn)(yn − x∗)+ βn(T2yn − x∗)+ v′n∥∥q

[∥∥(1− βn)(yn − x∗)+ βn(T2yn − x∗)∥∥+ ‖v′n‖]q

∥∥(1− βn)(yn − x∗)+ βn(T2yn − x∗)∥∥q +D‖v′n‖

[
1− βn(q − 1)
]‖yn − x∗‖q + βnc‖T2yn − x∗‖q
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− βn
(
1− βq−1n c
)‖yn − T2yn‖q +D‖v′n‖

[
1− βn(q − 1)+ crqβn
]‖yn − x∗‖q
+ βn
(
crq + cβq−1n − 1
)‖yn − T2yn‖q +D‖v′n‖,
n 0. (3.17)
Similarly, we have, for all n 0,
‖sn − T1sn‖q 
∥∥(1− βn)(yn − T1sn)+ βn(T2yn − T1sn)∥∥q +D‖v′n‖q

[
1− βn(q − 1)
]‖yn − T1sn‖q + βnc‖T2yn − T1sn‖q
− βn
(
1− βq−1n c
)‖yn − T2yn‖q +D‖v′n‖

[
1− βn(q − 1)+ crqβn
]‖yn − T1sn‖q
+ βn
(
crq + cβq−1n − 1
)‖yn − T2yn‖q
+ cLβn‖v′n‖+D‖v′n‖. (3.18)
Setting pn = (1− αn)yn + αnT1sn + u′n, we have
‖pn − x∗‖q =
∥∥(1− αn)(yn − x∗)+ αn(T1sn − x∗)+ u′n∥∥q

[
1− αn(q − 1)
]‖yn − x∗‖q + αnc‖T1sn − x∗‖q
− αn
(
1− αq−1n c
)‖yn − T1sn‖q +D‖u′n‖

[
1− αn(q − 1)
]‖yn − x∗‖q
+ αncrq
(‖sn − x∗‖q + ‖sn − T1sn‖q)
− αn
(
1− αq−1n c
)‖yn − T1sn‖q +D‖u′n‖

[
1− αn(q − 1)+ αncrq
(
1− βn(q − 1)+ crqβn
)]
×‖yn − x∗‖q
+ αn
[
crq
(
1− βn(q − 1)+ crqβn
)+ cαq−1n − 1]
×‖yn − T1sn‖q
+ 2crqαnβn
(
crq + cβq−1n − 1
)‖yn − T2yn‖q
+ 2Dcrqαn‖v′n‖ + c2Lrqαnβn‖v′n‖+D‖u′n‖

[
1− αn(q − 1− crq)(1+ crqβn)
]‖yn − x∗‖q
+M1‖v′n‖ +D‖u′n‖

[
1− hn(q − 1− crq)
]‖yn − x∗‖q +M1‖v′n‖+D‖u′n‖,
n 0, (3.19)
where M1 = 2Dcrq +Lc2rq . Observe that (3.19) implies
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‖yn+1 − x∗‖ ‖yn+1 − pn‖ + ‖pn − x∗‖

{[
1− h(q − 1− crq)]‖yn − x∗‖q
+M1‖v′n‖+D‖u′n‖
}1/q + n (3.20)
for all n 0. That is, (2) holds.
Suppose that limn→∞ yn = x∗. It is easy to verify that
n = ‖yn+1 − pn‖ ‖yn+1 − x∗‖ + ‖pn − x∗‖
 ‖yn+1 − x∗‖ +
{[
1− h(q − 1− crq)]‖yn − x∗‖q
+M1‖v′n‖+D‖u′n‖
}1/q → 0
as n→∞. Hence we have limn→∞ n = 0.
Conversely, suppose that limn→∞ n = 0. In view of (3.20), Lemma 2.2 and
the condition (i), we easily conclude that there exists a constant N > 0 such that
‖yn+1 − x∗‖q 
[
1− h(q − 1− crq)]‖yn − x∗‖q
+M1‖v′n‖+D‖u′n‖+Nn, n 0. (3.21)
Setting
en = ‖yn − x∗‖q , fn = h(q − 1− crq), n 0,
gn =
(
M1‖v′n‖ +D‖u′n‖ +Nn
)
f−1n , γn = 0, n 0,
then (3.21) means that
en+1  (1− fn)en + fngn + γn, n 0.
Thus the conditions (i)–(iii) and Lemma 2.3 yield that limn→∞ n = 0 and so
limn→∞ yn = x∗. This completes the proof. ✷
Ciric [5] and Rhoades [18] proved that T has a unique fixed point if T is a
quasi-contractive mapping. Therefore, setting T1 = T2 = T in Theorem 3.1, we
have the following result.
Theorem 3.2. Let X be a q-uniformly smooth Banach space with q > 1 and
T :X→ X be a quasi-contractive mapping. Suppose that {un}, {vn}, {u′n}, {v′n}
are sequences in X and {αn}, {βn} are sequences in [0,1] satisfying the conditions
(i)–(iii) of Theorem 3.1. For any given x0 ∈ X, a sequence {xn} with errors is
defined by{
zn = (1− βn)xn + βnT xn + vn, n 0,
xn+1 = (1− αn)xn + αnT zn + un, n 0.
Let {yn} be a sequence in X and define a sequence {n} in [0,+∞) by{
sn = (1− βn)yn + βnTyn + v′n, n 0,
n = ‖yn+1 − (1− αn)yn − αnT sn − u′n‖, n 0.
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Then we have the following:
(1) The sequence {xn} converges strongly to the unique fixed point x∗ of T in X
and there exist constants A> 0 and B > 0 such that
‖xn+1 − x∗‖q 
[
1− h(q − 1− crq)]‖xn − x∗‖q
+B‖vn‖+A‖un‖, n 0.
(2) There exist constants M1 > 0 and D > 0 such that
‖yn+1 − x∗‖
{[
1− h(q − 1− crq)]‖yn − x∗‖q
+M1‖v′n‖ +D‖u′n‖
}1/q + n, n 0.
(3) limn→∞ yn = x∗ if and only if limn→∞ n = 0.
Theorem 3.3. Let K be a nonempty closed, bounded and convex subset of a q-
uniformly smooth Banach space X with q > 1 and T1, T2 :K → K be a couple
of quasi-contractive mappings. Suppose that {u1n}, {v1n}, {u2n}, {v2n} are arbitrary
sequences in K and {an}, {bn}, {cn}, {a′n}, {b′n}, {c′n} are sequences in [0,1] sat-
isfying the following:
(i) 0< h bn + cn, ∑∞n=0 cn <∞, limn→∞ c′n = 0,
(ii) an + bn + cn = a′n + b′n + c′n = 1, n 0,
(iii) (bn + cn)(q − 1 − crq) < 1, crq < q − 1, (b′n + c′n)q−1  (1/c)(1 − crq),
c(bn+ cn)q−1 + crq(b′n + c′n)(crq − q + 1) 1− crq .
For any given x0 ∈K , a sequence {xn} with errors is defined by{
zn = a′nxn + b′nT2xn + c′nv1n, n 0,
xn+1 = anxn + bnT1zn + cnu1n, n 0. (3.22)
Let {yn} be a sequence in K and define a sequence {n} in [0,+∞) by{
sn = a′nyn + b′nT2yn + c′nv2n, n 0,
n = ‖yn+1 − anyn − bnT1sn − cnu2n‖, n 0.
(3.23)
Then we have the following:
(1) The sequence {xn}∞n=0 converges strongly to the unique common fixed point
x∗ of T1 and T2 in K and there exist constants A> 0 and B > 0 such that
‖xn+1 − x∗‖q 
[
1− h(q − 1− crq)]‖xn − x∗‖q
+B‖vn‖+A‖un‖, n 0,
where un = cn(u1n − T1zn) and vn = c′n(v1n − T2xn).
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(2) There exist constants M1 > 0 and D > 0 such that
‖yn+1 − x∗‖
{[
1− h(q − 1− crq)]‖yn − x∗‖q
+M1‖v′n‖+D‖u′n‖
}1/q + n, n 0,
where u′n = cn(u2n − T1sn) and v′n = c′n(v2n − T2yn).
(3) limn→∞ yn = x∗ if and only if limn→∞ n = 0.
Proof. Set
αn = bn + cn, βn = b′n + c′n, un = cn
(
u1n − T1zn
)
, n 0,
vn = c′n
(
v1n − T2xn
)
, u′n = cn
(
u2n − T1sn
)
, v′n = c′n
(
v2n − T2yn
)
,
n 0.
It follows from (3.22) and (3.23) that{
zn = (1− βn)xn + βnT2xn + vn, n 0,
xn+1 = (1− αn)xn + αnT1zn + un, n 0, (3.24)
and {
sn = (1− βn)yn + βnT2yn + v′n, n 0,
n = ‖yn+1 − (1− αn)yn − αnT1sn − u′n‖, n 0. (3.25)
Since K is a nonempty closed, bounded and convex subset of a q-uniformly
smooth Banach space X with q > 1, the condition (i)–(iii) ensure that the se-
quences {αn}, {βn}, {un}, {vn}, {u′n} and {v′n} satisfy the conditions (i)–(iii) of
Theorem 3.1. Therefore, it follows from (3.24), (3.25) and Theorem 3.1 that
Theorem 3.3 holds. This completes the proof. ✷
If T1 = T2 = T in Theorems 3.2 and 3.3, we have the following theorem.
Theorem 3.4. Let K be a nonempty closed, bounded and convex subset of a
q-uniformly smooth Banach space X with q > 1 and T :K → K be a quasi-
contractive mapping. Suppose that {u1n}, {v1n}, {u2n}, {v2n} are arbitrary sequences
in K and {an}, {bn}, {cn}, {a′n}, {b′n}, {c′n} are sequences in [0,1] satisfying the
condition (i)–(iii) of Theorem 3.3. For any given x0 ∈ K , a sequence {xn} with
errors is defined by{
zn = a′nxn + b′nT xn + c′nv1n, n 0,
xn+1 = anxn + bnT zn + cnu1n, n 0.
Let {yn} be a sequence in K and define a sequence {n} in [0,+∞) by{
sn = a′nyn + b′nT yn + c′nv2n, n 0,
n = ‖yn+1 − anyn − bnT sn − cnu2n‖, n 0.
Then we have the following:
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(1) The sequence {xn} converges strongly to the unique common fixed point x∗ of
T and T in K and there exist constants A> 0 and B > 0 such that
‖xn+1 − x∗‖q 
[
1− h(q − 1− crq)]‖xn − x∗‖q
+B‖vn‖+A‖un‖, n 0,
where un = cn(u1n − T zn) and vn = c′n(v1n − T xn).
(2) There exist constants M1 > 0 and D > 0 such that
‖yn+1 − x∗‖
{[
1− h(q − 1− crq)]‖yn − x∗‖q
+M1‖v′n‖ +D‖u′n‖
}1/q + n, n 0,
where u′n = cn(u2n − T zn) and v′n = c′n(v2n − T xn).
(3) limn→∞ yn = x∗ if and only if limn→∞ n = 0.
Remark 3.1. Theorems 3.3 and 3.4 extend, improve and unify the corresponding
results of Chidume [3], Chidume and Osilike [4], Liu [14,15], Osilike [16,17] and
others.
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